ABSTRACT. We explore martingale and convex duality techniques to study optimal investment strategies that maximize expected risk-averse utility from consumption and terminal wealth in a pure-jump model driven by (multivariate) marked point processes and in presence of margin requirements such as different interest rates for borrowing and lending and risk premiums for short positions. Margin requirements are modelled by adding in a margin payment function to the investors wealth equation which is nonlinear with respect to the portfolio proportion process. We give sufficient conditions for existence of optimal policies for agents with logarithmic and fractional power utility. We find closed-form solutions for the optimal value function in the case of pure-jump models with jump-size distributions modulated by a two-state Markov chain.
INTRODUCTION
The object of this paper is to find sufficient conditions for existence of investment/consumption strategies that maximize expected risk-averse utility from consumption and terminal wealth for an investor trading in a pure-jump incomplete market model that consists of a money market account and a risky asset with price dynamics driven by a (multivariate) marked point process. The investor faces convex trading constraints and margin requirements such as different interest rates for borrowing and lending as well as risk premiums for short positions. These margin requirements are modelled by adding in a margin payment function to the investor's wealth equation arising from the self-financing condition.
Marked point processes have gained considerable ground in asset price modelling in the past 15 years, particularly in the modelling of high-frequency financial data and nonlinear filtering for volatility estimation, see e.g. Ceci [4, 5] , Ceci and Gerardi [6, 7] , Cvitanić et al [10] , Frey [12] , Frey and Runggaldier [13, 14] , Geman et al [15] , Prigent [28] , Rydberg and Shephard [29] .
Indeed, the random times and marks of the underlying marked point process can be used to model the times of occurrence and the magnitude of different market events such as large trades, limit orders or changes in credit ratings. Market makers update their quotes in reaction to these events, which in turn generates variations and jumps in the stock prices. These jumps can be incorporated in the prices dynamics using the (random) counting measure associated with the underlying marked point process, see the formulation of the asset price model in Section 2.
These processes have also been used for modelling of term structure and forward rates in bond markets, see e.g. Björk et al [1] and Jarrow and Madan [19] .
Our approach to the utility maximization problem is mostly grounded on the convex duality method started by He and Pearson [17] , Karatzas et al. [22] , Cvitanić and Karatzas [9] , and generalized by Kramkov and Schachermayer [24] to the general semi-martingale setting. This method, which consists in formulating an associated dual minimization problem and finding conditions for absence of duality gap, has been remarkably effective in dealing with utility maximization with convex portfolio constraints.
For jump-diffusion market models, Goll and Kallsen [16] , Kallsen [21] and more recently Michelbrink and Le [27] use the martingale approach to obtain explicit solutions for agents with logarithmic and power utility functions and linear wealth equations. Callegaro and Vargiolu [3] obtain similar results in jump-diffusion models with Poisson-type jumps. In the diffusion setting, the convex duality approach was significantly extended by Cuoco and Liu [8] and Klein and Rogers [23] in order to incorporate margin payments.
In this paper, we consider the same utility maximization problem with non-linear wealth dynamics as in Cuoco and Liu [8] but with a marked point process, instead of a Brownian motion, as the main driving process. Our main assumption throughout is that the counting measure N (dy, dt) of the underlying marked point process has local characteristics of the form (λ t , F t (dy)). Of particular interest is the case in which these local characteristics depend on an (possibly exogenous) Markovian state process which may describe intra-day trading activity, macroeconomics factors, microstructure rules that drive the market, or simply changes in the the economy or business cycle, see Examples 3.1 and 3.2 below. See also Frey and Runggaldier [14] .
The main result of this paper is a sufficient condition for existence of an optimal portfolioconsumption pair in terms of the convex dual of the margin payment function and the solution pair of a linear backward SDE driven by the counting measure N (dy, dt). Although the optimality condition in the main result seems rather restrictive, in the last section we show that it simplifies significantly in the case of logarithmic and power utility functions as well as margin requirements such as higher interest rates for borrowing and short selling margin accounts.
As our main example, we consider the regime-switching pure-jump asset price model proposed by López and Ratanov [25] in which the jump-size distributions alternate according to a continuous-time two-state Markov chain, see also the recent paper by Elliot and Siu [11] and the preprint [26] . We find explicit formulae for the optimal value functions for this model in the case of logarithmic utility.
Finally, it is worthwhile mentioning that our market model and formulation of the utility maximization problem can be seen as particular case of the more general problem studied by Schroder and Skiadas [30] as they consider a jump-diffusion model driven by a Brownian motion and a marked point process as well as recursive utility functions. However, their main approach is the scale/translation-invariant formulation of the utility maximization problem, although they do relate their results to the dual formulation in the appendix of [30] .
Let us briefly describe the contents of this paper. In Section 1 we outline the stochastic setting and information structure for marked point processes, introduce the market model and non-linear wealth equation with margin payment function and define the optimal investment/consumption problem. In Section 3 we formulate the main assumption on existence of local characteristics for the underlying marked point process. In Section 4 we introduce convex duality techniques from Cuoco and Liu [8] and establish our main result on a sufficient condition for existence of an optimal investment/consumption policy. In Section 5 we illustrate the main result by considering logarithmic utility combined with margin requirements such as different interest rates for borrowing and lending and risk premiums for short positions. We also provide explicit closed-form solutions for the optimal value function in the case of Markov-modulated jump-size distributions. Finally, we consider the case of fractional power CRRA utility.
MARKET MODEL, NON-LINEAR WEALTH DYNAMICS AND RISK-AVERSE UTILITY MAXIMIZATION PROBLEM
Let (Ω, P, F) be a complete probability space endowed with a filtration F = {F t } t≥0 and let E be Borel subset of an Euclidean space with σ−algebra B(E). Let {(τ n , Y n )} n≥1 be a marked (or multivariate) point process with mark space E, that is, {Y n } n≥1 is a sequence of E−valued random variables and {τ n } n≥1 is an increasing sequence of positive random variables satisfying lim n→∞ τ n = +∞.
We define the random counting measure N (dy, dt) associated with the marked point process {(τ n , Y n )} n≥1 as follows 
denote the natural filtration related to these counting processes, that is
Throughout we assume F N ⊂ F. Recall that a real-valued process (φ t ) t≥0 is F−predictable if the random function φ(t, ω) = φ t (ω) is measurable with respect to the σ−algebra P on R + × Ω generated by adapted left-continuous processes. Similarly, a map φ : Ω × R + × E → R is said to be a F-predictable if it is measurable with respect to the product σ-algebra P ⊗ B(E).
We consider a financial market model with a money account B t with force of interest r t B t = exp t 0 r s ds , t ≥ 0, and a risky asset or stock with price process defined as the stochastic exponential process S t := S 0 E t (L) with S 0 > 0 and
The processes r t , µ t and the map f (t, y) are assumed uniformly bounded and F-predictable. Here E t (·) denotes the stochastic (Doléans-Dade) exponential, see e.g. Jeanblanc et al [20, Section 9.4.3] .
In this model, the discrete random times τ n can be interpreted as time points at which significant market events occur such as large trades, limit orders or changes in credit ratings, or simply times at which market makers update their quotes in reaction to new information. The marks Y n describe the magnitude of these events, and both times τ n and marks Y n create jumps and variations in the stock prices through the map f (t, y).
Notice that B t and S t satisfy dB t = B t r t dt, B 0 = 1
We also assume f (t, y) > −1 a.s. for every (t, y) ∈ [0, T ] × E. Thus, the solution to equation (2.2) is given by the predictable process
For an agent willing to invest in this market, we denote with π t the fraction of wealth invested in the risky asset, so that the fraction of wealth invested in the riskless asset is 1 − π t . Recall that a positive value for π t represents a long position in the risky asset, whereas a negative π t stands for a short position. The process π = (π t ) t∈[0,T ] is called portfolio proportion process, or simply portfolio process, and we always assume it is F-predictable.
We fix an finite investment horizon T > 0 and a non-empty closed convex K ⊂ R of portfolio constraints with 0 ∈ K. In order to consider margin requirements faced by the investor, we introduce a margin payment function g :
is concave and continuous on R.
During the time interval [0, T ], the investor is allowed to consume at an instantaneous consumption rate c t ≥ 0. Then, under the self-financing condition, the wealth V x,π,c t of the investor at time t ∈ [0, T ] is subject to the following dynamic budget constraint
where x > 0 is a fixed initial wealth and (π, c) = (π t , c t ) t∈[0,T ] is a pair of F-predictable portfolio-consumption processes satisfying (i) π is bounded below and
The stochastic differential equation (2.3) is linear with respect to the wealth process V x,π,c but possibly non-linear in the portfolio policy π and, in turn, with respect to the actual amounts invested in both the risky and non-risky asset.
We define the class A(x) of admissible pairs for initial wealth x > 0 as the set of portfolioconsumption pairs (π, c) for which wealth equation (2.3) possesses an unique strong solution satisfying
We denote with V x,π,c = (V 
This is always positive if, for instance, short-selling is not allowed for any of the assets i.e. if π t ∈ [0, 1] for all t ∈ [0, T ]. We can use (2.4) to find an expression for the wealth process V x,π,c in terms of
, the wealth process with initial wealth 1 and portfolioconsumption pair (π, 0), as follows: define the process
In differential form, we have V
Since ξ 
Notice that the portfolio-consumption pair (π, c) leads to positive wealth at time
Example 2.1 (Different borrowing and lending rates). Consider the case of a financial market in which the interest rate that an investor pays for borrowing is higher than the bank rate the investor earns for lending.
More concretely, assume the borrowing rate R t is an F-predictable uniformly bounded process satisfying R t ≥ r t a.s. for all t ∈ [0, T ], and consider the following margin payment function
In this case, the wealth equation (2.3) is nonlinear in π, although it is piecewise linear. The term in the equation that involves the portfolio π t and the interest rates reads
Example 2.2 (Margin account for short selling). In a short sale transaction, an investor borrows stock shares and sells them on the market, and at some point in the future must buy the shares back to return them to the lender, in the hope of making a profit if the share price decreases.
This transaction involves potential risk as the investor might end up owing more money than initially received in the short sale if the shorted security moves up by a large amount. In such a situation, the investor may not be financially able to return the shares.
Margin accounts for short selling are essentially a form of collateral to better insure that the borrowed shares will be returned to the lender. At the time of the trade, the proceeds of the short sale are deposited into the short seller's margin account, plus an initial (resp. maintenance) margin requirement that must be held in the account at the time of the trade (resp. at any time thereafter).
For simplicity, we assume both initial and maintenance proportional margin requirement on short positions is α ∈ [0, 1], and the margin account earns interest at the same rate r t . The margin payment function for this case is given by
Here π − := − min {0, π} denotes the negative part of π ∈ R. Notice that the portfolio constraint set K must be a subset of [
α , +∞) since the wealth process must satisfy
We now introduce the risk-averse utility maximization problem for optimal choice of portfolio and consumption processes. Let
denote consumption and investment risk-averse utility functions respectively, satisfying the following conditions
(iii) U 1 and
LetÃ(x) denote the class of admissible portfolio-consumption strategies (π, c) ∈ A(x) such that
We define the utility functional
Our main object of study is the following risk-averse utility maximization problem
J(x; π, c), x > 0.
MAIN ASSUMPTION: LOCAL CHARACTERISTICS
Let N (dy, dt) denote the random counting measure (2.1). Recall that the compensator or Fpredictable projection ρ(dy, dt) of N (dy, dt) is the unique (possibly, up to a null set) positive random measure such that, for every F-predictable real-valued map φ(t, y) the two following conditions hold i. The process
is increasing and locally integrable, then . Equivalently, for all T > 0,
The following is the main standing assumption for the rest of this paper: the compensator ρ(dy, dt) of the counting measure N (dy, dt) satisfies
where λ t is a positive F-predictable process and F t (dy) is a predictable probability transition kernel, that is, a F-predictable process with values in the set probability measures on B(E).
In this case (λ t , F t (dy)) are called the F-local characteristics of the marked point process
Under this assumption, for each A ∈ B(E) the counting process N t (A) is an inhomogeneous Poisson process with stochastic intensity λ t F t (A). This can be interpreted as it is possible to separate the probability that an event occurs from the conditional distribution of the mark, given that the event has occurred. Thus, F t (dy) is the conditional distribution of the mark at time t, and λ t dt gives the probability of an event occurring in the next infinitesimal time step dt.
Below we present two examples that satisfy the main assumption (A). In both cases, the Flocal characteristics (λ t , F t (dy)) depend on an (possibly exogenous) Markovian state process with RCLL paths which may be used to describe intra-day market activity, macroeconomics factors, microstructure rules that drive the market or changes in the the economy or business cycle, see e.g [14] . In the first example, the state process is a two-state continuous time Markovchain. In the second example, it is a jump-diffusion process, possibly having common jumps with the risky asset S t . Example 3.1 (Markov-modulated marked point process). Let {ε(t)} t≥0 be a two-state continuoustime Markov chain with values in {0, 1} and infinitesimal generator (intensity matrix)
For each i = 0, 1, let {Y i,n } n≥1 be a sequence of independent E−valued random variables with distributions P(Y i,n ∈ dy) = F i (dy), n ≥ 1.
Suppose the two distributions F 0 and F 1 are independent as well as independent of the Markov chain {ε(t)} t≥0 . Let {τ n } n≥1 denote the jump times of {ε(t)} t≥0 and let ε n := ε(τ n −) denote the state of the Markov chain {ε(t)} t≥0 right before the n−th jump.
Thus, for each n ≥ 1 the mark Y εn,n is a random variable with distribution F εn (dy). Then, the F−predictable projection ρ(dy, dt) of counting measure N (dy, dt) related to the marked point process {(τ n , Y εn,n )} n≥1 satisfies condition (A) with F-local characteristics λ t = λ ε(t−) and F t = F ε(t−) .
For the proof see Section 4 in Lopez and Serrano [26] . Example 3.2. Let ν(dξ) be a σ−finite measure on a measurable space Z. Let γ(dξ, dt) denote a F-Poisson random measure on Z × R + with mean measure ν(dξ) dt, and let W t be a FBrownian motion.
Let (X, Z) denote the solution of the system of Itô-Levy type stochastic differential equations
We assume the Poisson measure γ(dξ, dt) is independent of W t and the coefficients b, σ and η 0 are measurable functions of their arguments satisfying the usual linear growth and Lipschitz conditions.
Define the sequence of random times {τ n } n≥1 as the jump times of the process Z t , that is
For each n ≥ 1, the mark Y n (with mark space E = R) is the jump of the process Z t at time τ n , Y n := ∆Z τn = Z τn − Z τ n−1 .
For t ≥ 0 and A ∈ B(R) we define the sets
the F−predictable projection ρ(dy, dt) of the counting measure N (dy, dt) associated with {(τ n , Y n )} n≥1 satisfies condition (A) with F−local characteristics
For the proof see Proposition 2.2 in Ceci [4] .
CONVEX DUALITY APPROACH AND MAIN RESULT
In this section we introduce some of the convex duality techniques from Cuoco and Liu [8] and establish our main result on a sufficient condition for existence of an optimal investment/consumption policy. Let
denote the indicator function (in the sense of convex analysis) of the portfolio constraint set K, and let
The function g K (ω, t, ·) is upper semi-continuous and concave with g K (ω, t, 0) = 0 a.s., for all t ∈ [0, T ]. We denote bỹ
the convex conjugate of R ∋ π → −g K (t, −π) ∈ R. Since 0 ∈ K, it is clear from the definition thatg K ≥ 0. Moreover,g K (ω, t ·) is lower semi-continuous, convex and
If K = R we denoteg K simply withg. We define the effective domain ofg K (ω, t, ζ), denoted with N t , as N t (ω) := {ζ ∈ R :g K (ω, t, ζ) < +∞} .
Finally, let D denote the set of F-progressively measurable processes
Example 4.1. Consider the margin payment function of Example 2.1, under the portfolio constraint of prohibition of short-selling of the risky asset, that is K = [0, +∞). For ζ ∈ R fixed, the map
attains a finite maximum value if and only if −(ζ + R t − r t ) < 0. This maximum value is attained at π = 1 if −ζ ≥ 0 and at π = 0 if −ζ ≤ 0. Hence, we have
with effective domain is N t = [−(R t − r t ), +∞).
Example 4.2. Consider now the margin payment function of Example 2.2 with portfolio constraint set
, attains a (finite) maximum value at π = 1 if ζ < −r t and at π = − 1 α if −ζ ≥ r t . Then, we have
with effective domain N t = R.
Let Θ denote the set of locally bounded F-predictable E−marked processes ϕ(t, y) satisfying
Let N (dy, dt) := N (dy, dt) − F t (dy)λ t dt denote the compensated martingale measure of the counting measure N (dy, dt). For each ϕ ∈ Θ let H ϕ denote the solution of the linear SDE
Lemma 4.3. For each ϕ ∈ Θ and (π, c) ∈ A(x), we have
Proof. Using the product rule for jump processes, we obtain
Integrating from 0 to T, and using the definition ofg K , we get
The stochastic integral in the right hand side of the last inequality is a F-local martingale which is bounded below, hence a F−super martingale, and (4.5) follows.
We now introduce an auxiliary functional related to the convex dual of the utility functions.
Then, I satisfies I(y) = arg max x>0 {U (x) − yx} , y > 0.
In particular,
Notice that U (I(y)) − yI(y) = U * (y), where U * (y) := sup x>0 {U (x) − yx} is the LegendreFenchel transform of the map (−∞, 0) ∋ x → −U (−x) ∈ R. The map U * is known as the convex dual of the utility function U.
For each ϕ ∈ Θ, we define the map
Let Θ := {ϕ ∈ Θ : X ϕ (y) < ∞, ∀y > 0} . For each ϕ ∈ Θ we denote Y ϕ := (X ϕ ) −1 and define the process (c 
Finally, we define the auxiliary functional
Proof. From (4.6) and (4.7), we have
Then, by (4.5) and the definition of Y ϕ , we have
and the desired result follows.
Letθ(·) denote the optimal value function of the minimization problem
From Lemma 4.4 we have ϑ(x) ≤θ(x). Our aim now is to find a sufficient condition for absence of duality gap and and existence of an optimal portfolio-consumption process (π,ĉ), for a fixed initial wealth x > 0.
For each ϕ ∈Θ, define the processes
and
That is, the process (M x,ϕ t ) t∈[0,T ] is a F-martingale. Let β x,ϕ (t, y) denote the essentially unique martingale representation coefficient of M x,ϕ t with respect to the compensated measure N (dy, dt),
The following is main result of this paper Theorem 4.5. For x > 0 fixed, suppose there existφ ∈Θ and a F-predictable portfolio proportion processπ with values in K satisfying
and 
Proof. We first prove part (b). Since X 
Using Ito's formula for jump processes, the differential of 1/Hφ t is given by
From (4.11), the differential of Y t is given by
Using the product rule for jump processes, we have
Hφ t− dY
x,φ t + 1
From (4.13), for the integrand in the stochastic integral, we have
and (4.13) in conjunction with (4.12) yields
and part (b) follows. This in turn implies that V Remark 4.6. From (4.12) and the definition ofg K , the process portfolio processπ satisfieŝ
or, equivalently,
5. EXAMPLES 5.1. Logarithmic utility. We illustrate the main result first by considering logarithmic utility functions U 1 (t, x) = U 2 (x) = ln x. Proof. In this case, we have I 1 (t, y) = I 2 (y) = 1/y and X ϕ (y) = (T + 1)/y, for y ∈ (0, ∞). Then, Y ϕ (x) = (T + 1)/x for x > 0 and
Hence, M x,ϕ t = x for all t ∈ [0, T ], and the desired result follows. 
belongs to D and satisfies
Then the pair (π,ĉ) is optimal, whereĉ = (ĉ t ) t∈[0,T ] is the consumption process defined bŷ
is the wealth process with initial wealth 1 and portfolio-consumption pair (π, 0). Moreover, the optimal wealth process V x,π,ĉ satisfies
Proof. Defineφ(t, y) := 1/[1 +π t f (t, y)]. Thenφ ∈Θ and ζφ =ζ. By Lemma 5.1,φ andπ satisfy the assumptions of Theorem 4.5. Then the pair (π, c x,φ ) is optimal.
Using again (5.3), we see that the differential of (Hφ t ) −1 satisfies
Hence, the process (Hφ t ) −1 is a modification of V 1,π,0 t
. In view of (5.1), we concludeĉ = c x,φ and the first assertion follows. The second assertion follows from (2.5).
5.2. Regime-switching model with Markov-modulated jump-size distributions. Here we consider the pure-jump model with Markov-modulated jump-size distributions from López and Ratanov [25] (see also López and Serrano [26] ) and logarithmic utility.
Let {(τ n , Y εn,n )} n≥1 be the marked point process from Example 3.1 with E = R. The random times {τ n } n≥1 are defined as the jump times of a the two-state continuous-time Markov chain ε(·) = {ε(t)} t≥0 with intensity matrix
For each n ≥ 1, ε n := ε(τ n −) is the state right before the n−th jump of ε(·) and the mark Y εn,n is a random variable with distribution F εn (dy).
For each i = 0, 1, let r i > 0 and µ i denote the continuously compounded interest rate and stock appreciation rate in the regime i respectively. Let B t denote the default-free money-market account with Markov-modulated force of interest {r ε(t) } t∈ [0,T ] , that is
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The risky asset or stock S t follows the exponential model S t = S 0 exp(L t ) with S 0 > 0 and
Observe that S t satisfies the linear equation (2.2) with f (t, y) = e y − 1.
We assume that for each regime i = 0, 1 there exists a margin payment function g i (π) with portfolio constraint set K i . In the case of different interest rates for borrowing and lending, it is given by
where R i denotes the borrowing rate in regime i, which is assumed greater than the lending rate r i . In the case of margin requirements for short selling, we have
where α i ∈ [0, 1] is the proportional margin requirement on short positions in regime i. Finally, for each i = 0, 1 we defineg
and N i := {ζ ∈ R :g i (ζ) < +∞} . Using Theorem 5.2 and the results in Section 4 from [26] , we obtain the following
Let ϑ i (x) denote the optimal value for the initial wealth x > 0 and initial regime ε(0) = i. Then, we have
+ 2λ
where
5.3. Fractional power utility. We now consider CRRA fractional power utility functions of the form U 1 (t, x) = U 2 (x) = x γ γ with γ ∈ (0, 1) fixed. We suppose that all coefficients in the model r t , µ t , f (t, y), the F-local characteristics (λ t , F t (dy)) and the margin payment function g(t, π) are non-random.
Lemma 5.4. For all x > 0 and ϕ ∈Θ deterministic, we have
γ γ−1 = h tHt where h t is the deterministic function Then the portfolio processπ is optimal.
Proof. Defineφ(t, y) := 1/[1 +π t f (t, y)] 1−γ . Thenφ ∈Θ and ζφ =ζ. From (5.4) it follows thatφ andπ satisfy the assumptions of Theorem 4.5, and the desired result follows.
Example 5.6. Consider the margin payment function of Example 2.1 g(t, π t ) = −(R t − r t )(π t − 1) + which models higher interest rate for borrowing than for lending, under the portfolio constraint of prohibition of short-selling of the stock. As seen in Example 4.1, the effective domain ofg K is N t = [−(R t − r t ), +∞).
Assume further that 1 + πf (t, y) > 0 for all (t, y) ∈ [0, T ] × E and π ≥ 0, and the map h t (π) := µ t + λ t E f (t, y) [1 + πf (t, y)] 1−γ F t (dy), π ≥ 0 is well-defined for each t ∈ [0, T ] and γ ∈ [0, 1). The case γ = 0 corresponds to logarithmic utility, in which case we allow the maps r t , R t , µ t , f (t, y) and the F-local characteristics (λ t , F t (dy)) to be F-predictable processes. Using this, we have that ζ t = r t − µ t − λ t E f (t, y) [1 + π t f (t, y)] 1−γ F t (dy), belongs to N t iff h t (π t ) ≤ R t . Using (4.2), condition g(t, π t ) − π t ζ t =g K (t, ζ t ) reads (5. 6) [r t − h t (π t )] − + π t [r t − h t (π t )] + (R t − r t )(π t − 1) + = 0.
A similar equation can be found using The range of h t is the interval (µ t , h t (0)]. Hence, if we also assume R t > µ t , the following portfolio weightπ t =        0, h t (0) < r t h −1 t (r t ), h t (1) ≤ r t < h t (0) 1, r t < h t (1) ≤ R t h −1 t (R t ), R t < h t (1) satisfies h t (π t ) ≤ R t and (5.6). Notice that h t (0) = µ t + λ t [m t (1) − 1] and h t (1) = µ t + λ t [m t (γ) − m t (γ − 1)], where m t (·) denotes the moment generating function of the distribution F t (dy).
